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The concept of property B, is introduced, generalizing property B due to 
E. Miller. Bounds are established for the minimum number M&), such that there 
exists a family F of m?(p) sets, each consisting of p elements and F not having 
the property B, . 
I. INTRODUCTION 
Let r denote a natural number, and let M denote a set. Thea an 
r-partition of M is a set of r disjoint subsets of M whose union is &IV 
Let P(M) denote the set of all subsets of M, and define B, = &.(I@ to 
be the set of all F _C P(11/T) such that there exists an r-partition II of 
depending on F, say 67 = {A& ,..., M,), such that X !$ Mi for i = I,. 
and for all X E F. G _C P(M) will be said to possess property 23, if G E 
Sometimes it will be convenient to specify the partition we have in m 
in which case we will write (G, IT) E B, . 
From now on we will assume that Y > 1, since only then is property 
meaningful. The B, property was introduced first by E. Miller in [4]. 
The well-known theorem of van der Waerden that, if the natural 
numbers are split into Y classes, then for every k at least one class contains 
an arithmetic progression of k terms, can be formulated in terms of the 
B, property as follows: If M is the set of natural numbers and if F consists 
of all arithmetic progressions of k terms, then F q! B, for all r. 
Another well-known result which can be expressed in terms of the 
property is Ramsey’s Theorem [6, p. 391:” Let P, s and t deno 
numbers with Y < s, let P,(X) denote the set of all v-subsets of 
F = (Pr(y) / YE P,(X)>. Then there exists a number N(r, s, t> such that if 
/ X j 2 N(r, S, t) then F $ B,(X). 
* The authors are grateful to Professor D. A. Kiarner for pointing out this fact. 
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The B, property is also connected with the chromatic number of a 
generalized graph. Let P,(V) denote the set ofp-subsets of a set I’, then a 
p-graph G, = (V, E,) consists of a vertex set V together with an edge 
set E, C P,(V); an element of E,, is called an p-edge of G, . An ordinary 
graph corresponds, of course, to Gz . A p-graph G, = (V, E,) will be 
called k-colorable if the vertices in V can be colored by means of k colors 
in such a way that no edge in E, is monochromatic, where by a mono- 
chromatic edge we mean an edge consisting of monochromatic vertices. 
The chromatic number K(G,) is defined to be the minimal value of k for 
which G, is k-colorable. It follows immediately from the definitions that, 
viewing V and E, as M and F, respectively, E$ E B, implies that G, is 
v-colorable and E, $6 B, implies that K(G,) > r. 
We will consider here the following problem: What is the smallest 
integer m,(p) for which there exists a finite set M and a family 
F = WI ,..., &gs) } of subsets of M, each containing p > 2 elements, 
such that F 6 B,? Several authors have considered this problem for the 
smallest possible value r = 2. Erdijs and Hajnal [3] observed that 
m2t89 < (““i ‘) 
and ErdSs [l] proved that 
m,(p) > 2’-l. 
More recently, Erdijs [2] proved that 
md P) < p22p+l, 
from which it follows, in view of (l), that 
(1) 
(2) 
F+% m2(p)lIP = 2. 
The existence of the limit was established first by Abbott and Moser in 171. 
In this paper inequality (2) will be improved to read 
m,(p) < W2pe1’z log 281 + WWN 
where {y] denotes the smallest integer which is greater or equal to y. 
Finally, Schmidt [5] showed that 
m2(p) > 2a(l + 4p-l)-l. (3) 
Also (3) will be improved in this paper to read: 
m2( p) > 2P(l + 2p-7-l. 
While m,(2) = 3 and m,(3) = 7, m,(4) is not yet known. 
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Our aim in this paper is to improve inequalities (2) and (3) as mentione 
above, and at the same time to generalize all known results about mz(p) 
to m,(p). As a consequence, we derive certain relations between K(G,) 
and the number of p-edges in G, , which is denoted by 1 E, /~ 
II. RESULTS 
Our main results are 
THEOREM 1. r-l < m,(p) < (‘7’“) 
and 
THEOREM 2. 
- -1 W-l i 1 $ 2(r 1) 
P 
1 
< m,(p) < rlpp2e(r--l)fPlog Y 
I ( 
4 + 
r- 1 1 -11 __ 
rP is 
It follows immediately that: 
THEOREM 3. lim D+m m,(p)l/p = r. 
Theorem 2 generalizes and improves inequalities (2) and (3). Theorem 1 
yields a better lower bound than Theorem 2 whenever p < 2(r - 1). 
Regarding the values of m?(p) for special cases, we will prove 
THEOREM 4. m,(2) = (“il). Moreover, if F$ B, and / F 1 = (‘:I) 
then F consists of a complete r + 1-gon. 
Theorem 4 immediately yields 
THEOREM 5. If K(GJ = r, then either G, is a complete r-gon or it 
contains more than (3 edges. 
The following relations between the chromatic number of a generalized 
graph G, and the number of its edges result from Theorems 1 and 2: 
*et G, = (V, E,) be a p-graph and let r be a positive THEOREM 6. L 
integer such that: 
I E, / < max ( 
P--1, 2rp-1(1 + 2(r; I) )-” 
Then K(G,) < Y.  
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THEOREM 7. Let p, Y and u be positive integers such that p > 2 and 
u > min (( rp-rfl 1 P ’ r21pze+1)lr log r (1 + 9)-l). 
Then there exists a p-graph G, = (V, E,) such that: 
I&I <u and K(G,) > r. 
Theorem 6 immediately yields 
THEOREM 8. Let G, = (V, E,) be ap-graph andsuppose that K(G,) = r. 
Then: 
1 E, ( > max ((r - l)p-r, 2(r - 1) p-l (1 + 2(r p 2’)-1). 
III. PROOF OF THEOREM 1 
Let M be a set of rp - r + 1 elements and let F consist of all subsets 
of M withp elements. If M = MI U *se U M, is any r-partition of M, then 
there exists i, 1 < i < r, such that Mi contains at least p elements and 
therefore Mi contains an element of F. Thus F $ B, and consequently 
rp-r+l 
m*(P) < ( p ). 
On the other hand, we will show that if F contains s subsets of M, of p 
elements each, and if s < 9--l, then FE B, and consequently 
m,(p) > rp-l. 
Indeed, if F = (A, ,..., A,} and pi is the number of ordered r-partitions 
of M containing Ai , then pi = r * r VW-Z, where m = 1 M I. If s = 1, then 
obviously FE B, ; otherwise, since at least one r-partition contains two 
elements of F and the total number of ordered r-partitions of M being 
rm, it suffices to show that 
r” - (gIpi - 1) > 0 
or 
rm--9+1(r*-1 - s) + 1 ,> 0, 
which certainly is the case if s < rp-1. 
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IV. PROOF OF THEC~REM 2 
First we will prove the validity of the lower bound. If 
is an r-partition of M and if N C M, we will write NC rr (or rr contains N) 
if N C i& for some i. By F,(p) we will denote a collec%ion of s subsets 
U 1 ,.‘., A,) of M, each containing B elements. Given FS( a): we define for 
all r-partitions 77 
bd4 = IW E 47,(p) I NC &K 
We need the following: 
LEMMA 1. Let F8( p) and v satisfy the following ~o~d~tio~s~ 
(4 CL, bi(4 < 2, 
and 
(b) if c;=, bi(7T) = 1 and NE Fs(p) satisfies NC vs thevl there 
exist x E N and an index i(x) such that N q M,(,j and for all L E F8(p) 
satisfying L n N = {x} we have L - {x} c M&J . 
Then Fs( p) E 3, . 
Proof of Lemma 1. Denote Fs( p) by F. If CL, hi(n) = 0 then by 
definition (F, rr) E B, . Thus we may assume that (b) holds, and witbout 
loss of generality we may also assume that NC ia9, and i(x) = 2. But 
then the r-partition 
satisfies (F, r*) E B, because no L E F belongs to /w, - (x}, M, ,..,) MT 
and by (b) the same holds with respect to IM, u (x]. 
We continue with the proof of the validity of the lower bound by 
assuming that F = F,(p) $ B, , where 
3 < 2rP-1 1 + 2(r - ‘) 
( P 1 
m-17 
and deriving a contradiction. If n is an r-partition of M, we will write 
7~ E I (7~ is of type I) if C$, hi(r) 3 2, and rr E II if CL, b$(r) = 1 and 
with respect to the single element N of F such that NC rr the following 
condition holds: N C Mj and for each x E N and for each i # j, I < i < I, 
there exists L = L(i, x) E F such that L - {x) C -&Ii . For each N let 
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xN E N be a fixed element chosen so that A n N = {xN} for at most s/p 
elements A of F. Then, if NC 7~ E 11, there exists L = L(i, xN) E F such 
that LnN=(x,}, L--(x,}CMi, and NQM$. 
Since F # B, , Lemma 1 implies that each r-partition rr of M is either 
of type I or of type II. Moreover, each r-partition of type I contains at 
least two elements of F, while partitions of type II contain exactly one 
element of F. Thus we get the following upper estimate for the total 
number P, m = [ M 1, of ordered r-partitions of M: 
where, given NE F, C* runs over all L E F such that L n N = {x,}, xN 
being a fixed element of N chosen above, and, given N and L as indicated, 
c ** runs over all r-partitions n such that n 3 N, rr 3 L - (xN} and 
n $ N u L. It follows that 
rm < (s/2) r--g+1 + (s/2)(X/p) r(r - 1) P--lg+1 
and hence 
1 < (s/2) rl-p(l + s(r - 1) rl-pp-l). 
But by our assumptions 
,yrl-1, G 2 (1 + 2(r - y-1 
P 
and consequently: 
(s/2) rl-“(1 + s(r - 1) rl-pp-l) 
< (1 + 2(r - 1) p-lj-l [l + 2(r - ljp-l(l + 2(r + 1) p-3-l] 
< 1, 
a contradiction. Thus the lower bound holds. 
In order to prove the validity of the upper bound we need the following 
LEMMA 2. Let M be a set of rpz elements and if F = F,(p) denote 
by u,(F) the number of ordered r-partitions 7~ of M such that (F, z-j E B, . 
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Then, given F = F,(p) = (A 1 ,..., A,), an additional subset A,+, of M can 
be chosen such that ifF’ = F,+,(p) = {A, ,.~., Al,, &+I] thm: 
r--l 
Proof of Lemma 2. Let uk = u,<(F) and uk+l = u~+~(F’). Since eat 
v-partition 77 : M = M, U ... w  M, of M contains 
( 1 l-&l + P ...+(~‘)>r(;) 
subsets of M of p elements and the total number of subsets of M of p 
elements being (‘E”), it follows that at least one such subset of 24 is 
Contained in the ul, r-partitions Of M SatiSfying (F, T) E B,. at least the 
following number of times: 
We will choose that set as A,,, . It follows from the definition of uk and 
ukfl that 









t > ( 1 _ (r l)(P 1) 1 
9-l 
rpz - +l 
> 
1 P-1 
( l- 1 
$-fp+l 
r - 1 1-n 
= ( 1+- 1 
= 
[( 
1 I rr; l)~~i(r-l)]-(~-l:*jl I r ; 1) 
2 ( If-- r-1 1 e-(r-l)lr 
rp 
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We continue with the proof of the validity of the upper bound. It 
suffices to show that for each k = 0, 1,2,... there exists a family F = Fk( p) 
such that 
uk(F) -c r+ 1 - [ ( U-l 1 I 
k 
1 + - r-P+le-w-l)/T 
rp 
Indeed, it follows then that for 
k 3 Pp%$+-l)/T log r (1 + $)-I 
we have 





-1 rp-leb-l)/r I 
rp 
< rrP2e-logr~~2 = 1 
and consequently u,(F) = 0, mr(p) < k. Thus 
m,(p) < r~p2ecT-1)ir log r I it r-l 1 + - I rp )1 
The existence of the above-mentioned families Fk(p) follows from 
Lemma 2. Let F,,( p) be the empty set. Then u,,(F,( p)) = &and constructing 
M P),..., F,(p) according to Lemma 2 we get 
u,(F,(p)) < rrp2 [l - (1 + 9,’ r-p+le(+“i++]’ 
as required. The proof of Theorem 2 is complete. 
V. OTHER PROOFS 
Proof of Theorem 4. The proof is by induction on m = 1 M I. If 
m = r + 1, then F $ B, obviously implies that F contains all the 2-tuples 
and consequently j F j = (Tzl) and it consists of a complete r + 1-gon. 
Suppose that m > r + 1 and the theorem holds for m - 1. If F consists 
of a complete r + 1-gon, then F 6 B, as required. Thus we will assume 
that either 1 F I < (T$l) or 1 F j = (Ti’), but it does not consist of a 
complete r + 1-gon and we will derive a contradiction. Let a E A4 and 
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denote iW* = A4 - {a}, F” = F - (couples containing a]. y tbe 
inductive assumption there exists an r-partition of M” 
such that Mi* f .D’, i = l,..., Y, and (F*, n-*> E B, . Since F$ B, it follows 
that P contains at least r couples of the type: (a, mJ, mi E MC*, 1’ = I,..., I’. 
Since a was an arbitrary element of M it follows that 
a contradiction. 
Proof of Theorems 6, 7, and 8. If K(G,) > r then obviously 
j E, / >, m,(p), and Theorem 6 follows from Theorems 1 and 2. Similarly, 
if k(GJ = r then j E, 1 3 m,+(p) and Theorem 8 follows. 
If U, r, and p satisfy the assumptions of Theorem 7, then Theorems 1 
and 2 imply that u 3 mr(p) = s and therefore there exist M and Fs(p> 
such that Fs(p) $ B,. If we define G, = (M, FJp)) then obviously 
j iTs( < u and K(G,) > r. 
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